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Energy principle for 2D electromagnetic, relativistic, interpenetrating,
counterstreaming plasma flows
Atul Kumar,∗ Predhiman Kaw, and Amita Das†
Institute for Plasma Research, HBNI, Bhat, Gandhinagar - 382428, India
A relativistic electron beam propagating through plasma induces a return current in the system.
Such a system of counterstreaming forward and return current is susceptible to host of instabilities
out of which Weibel remains a dominant mode for destabilizing the system. Weibel instability has
been widely investigated in simulations, experiments, as well as, analytically using fluid and kinetic
treatments. A purely growing mode like Weibel instability can also be understood by using conser-
vation theorems and energy principle analysis. An electrostatic analog to the Weibel instability, two
stream instability in a beam plasma system has already been investigated using energy principle
analysis [1]. A detailed analytical description of conservation theorem for 2D Weibel instability in
a beam plasma system has been carried out in this manuscript.
PACS numbers:
I. INTRODUCTION
An intense laser interacting with an overdense solid target generates highly energetic, relativistic electrons [2–4]
carrying a very large current (∼MAmps) in forward direction. In response to this, the background supplies a return
current. The spatially overlapping forward and return current flow is susceptible to several microinstabilities. The
current filamentation instability [5–8], which is often referred to as the Weibel instability [9], dominates over all the
instabilities in the relativistic regime. The Weibel instability creates a space charge separation of the order of electron
skin depth, de in the plasma, which leads to a generation of giant magnetic field ( ∼ MGauss ) through a positive
feedback mechanism. It is believed that the Weibel instability and its nonlinear evolution is largely responsible for
the development of giant magnetic fields in astrophysical contexts like the relativistic shock formation in Gamma
ray burst mechanisms(GRBs) [10], the high cosmic rays [11, 12], active galactic nucleii (AGN) [13] etc. In numerous
laser- plasma laboratory experiments the Weibel instability driven by two counter-streaming high-energy flows has
also been demonstrated[14, 15].
The study of linear and nonlinear evolution of giant magnetic fields through Weibel destablization process is,
therefore, of prime importance for the understanding of various astrophysical events as well as laboratory experiments.
Califano et. al. [16], have given an analytical model in 2D for relativistic, interpenetrating, homogeneous beam-
plasma system based on two fluid depiction for this particular instability. In a typical beam plasma system, when a
minuscule fraction of kinetic energy ( δK) associated with the flow gets converted into electromagnetic excitations
it essentially leads to the excitation of negative energy disturbances, which feed upon themselves leading to the de-
velopment of the instability. The instability is then responsible for the generation of giant magnetic fields in the system.
Energy principle is a well known technique for the stability analysis of hydrodynamic fluids in a conservative
system [17–22]. In plasmas also the ideal Magnetohydrodynamic (MHD) excitations have often been interpreted
using the energy principle [23–26]. This has been done for both kinds of equilibria, namely with and without flows
. We often encounter zero frequency mode in ideal MHD where two modes couple to lead a purely growing zero
frequency excitation. The stability theory with energy principle have been aplplied for ideal magnetohydrodynamics
in a variety of contexts like magnetic fusion, astrophysics, solar and space physics etc.
Weibel instability is an instability of mixed electrostatic and electromagnetic waves with latter playing a crucial
role when the wavenumber is transverse to the flow direction corresponding to current filamentation. In this case it
is purely growing zero frequency mode. We show here that the energy principle can be used to explain the growth of
this particular mode. In an earlier study Lashmore-Davis [1] has shown the development of two stream electrostatic
instability using energy principle for a beam plasma system. In this paper, we employ the energy principle analysis
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2for the development of the 2D electromagnetic, relativistic, homogeneous beam plasma system in which the beam
and plasma return currents are spatially overlapping.
The manuscript has been organized as follows. Section II describes the system and contains the derivation of the
model set of equations for analysis. In section III the detailed analysis for the specific case of current filamenta-
tion/Weibel instability has been carried out. Section IV contains the summary.
II. GOVERNING EQUATIONS
In the presence of plasma medium the Maxwell’s equations
~∇× ~B =
4π
c
~J +
1
c
∂ ~E
∂t
;
~∇× ~E = −
∂ ~B
∂t
; (1)
can be used to obtain the following equation for the evolution of field energy
∂
∂t
(
E2 +B2
8π
)
+
c
4π
~∇ · ( ~E × ~B) + ~J · ~E = 0 (2)
In vacuum the ~J · ~E term is absent and the rate of change of electromagnetic energy is determined by the Poynting
flux. In plasma or any conducting media the currents can flow so as to have ~J · ~E finite. This term essentially
represents the possibility of energy transfer between the kinetic energy of the particles to field energy and vice versa.
For an equilibrium configuration in the plasma the time dependent electric and magnetic field fluctuations are
absent. The fluctuations excited around a homogeneous equilibrium can be represented by a collection of Fourier
modes having variations in the fields of the form f(~r, t) ∼ fk,ωexp(i~k ·~r− iωt)+ c.c, where c.c represents the complex
conjugate. The real part of ~J · ~E would thus have the contribution from
~J · ~E =
1
2
( ~J · ~E∗ + ~J∗ · ~E) (3)
We now consider a system depicted in Fig.(1). A rectangular box in x−y plane has been shown in which the beam (red
circles ) and background plasma electrons (green circles) are flowing in positive and negative x directions respectively.
We will represent the beam and background plasma electrons by suffix b and p respectively. An equilibrium config-
uration is chosen in which the charge of the beam and plasma electron densities are neutralized by the background
plasma ions. We thus have
∑
α n0α = n0i, here α is a dummy index which is equal to b and p to represent the beam
and plasma electrons respectively, n0α is the density of the two species and n0i is the background ion density. We
also assume a flow of beam and background plasma electrons in equilibrium in opposite directions so as to have the
total electron current in the system to be zero, i.e.
∑
α noα~v0α = 0, where ~v0α is chosen to be the equilinrium flow
velocity of the two species. We will assume the flow velocities to be directed along the positive and negative x axis
as shown in Fig.1 for the beam and background plasma electrons. The charge and current neutrality of the system
ensures the absence of any electric and magnetic fields. We assume such a counter streaming plasma to be of infinite
extent by considering periodic boundary condition along x and y directions.
The linearized Weibel excitations for such an equilibrium configuration has been considered. The Weibel excitations
have a mixed electrostatic and electromagnetic character. The variations are assumed to be along the y directions only.
Thus the wave vector k is directed along y. It is easy to see that such a configuration leads to perturbed magnetic field
which is directed along zˆ and is denoted by B1z. The perturbed electric field ~E1 lies in the x-y plane. The variations
being along yˆ, E1y is the electrostatic component of the field and E1x, B1z correspond to electromagnetic excitation.
These perturbations thus convert the flow kinetic energy of the system into field energies. Since the medium is infinite
in extent there is no loss or gain of energy by the Poynting flux. The energy conversion occurs through the ~J · ~E
term which represents the work done by or on the particles and needs to be evaluated for the perturbed excitations.
Keeping in view the quadratic nature of energy one retains all linearized contributions for ~J and ~E separately in the
evaluation and try to express ~J · ~E in a quadratic form. This implies that
~J · ~E∗ = −
∑[
en1αv0αxE
∗
1x + n0αv1αxE
∗
1x + en0αv1αyE
∗
1y
]
(4)
3FIG. 1: Schematics of 2D- equilibrium geometry of the beam plasma system
The perturbed density and velocity contributions for the two species can be obtained from the linearized continuity
and momentum equations of the two species.
∂n1α
∂t
+
∂
∂y
(n0αv1αy) = 0; (5)
∂
∂t
(γ3
0αv1αx) = eE1x;
∂
∂t
(γ0αv1αy) = eE1y + ev0αxB1z; (6)
Now taking Fourier transform in time t and space y Eq.(5,6) and the Maxwell’s Eq.(1) and using me = 1, c = 1, can
be written as
n1α =
k
ω
n0αv1αy
v1αx = −
ιe
γ3
0αω
E1x
v1αy = −
ιe
γ0αω
E1y −
ιe
γ0αω2
kv0αxE1x
B1z = −
k
ω
E1x (7)
4In addition the fourier transform of the Poisson’s equation upon substituting for n1α from Eq.(7) can be written as
ιkE1y = −
∑
α
4πe
k
ω
n0α
[
−
ιe
γ0αω
E1y −
ιe
γ0αω2
kv0αxE1x
]
(8)
We will now use these relationships to eliminate all variables (e.g. n1α, ~v1α, E1y, B1z) in terms of E1x and express the
energy equation in terms of E1x variable alone. Defining
S1 =
∑
α
n0α
n0γ0α
; (9)
S2 =
∑
α
n0α
n0γ30α
; (10)
S3 =
∑
α
n0αv0xα
n0γ0α
; (11)
S4 =
∑
α
n0αv
2
0xα
n0γ0α
; (12)
The Poisson’s equation (Eq.(8)) relates the x and y components of the electric field by the following expression
E1y =
kS3
(1 −
ω2
pe
ω2
S1)ω3
E1x (13)
This relationship Eq.(13) is utilized to express other fields in terms of E1x as
v1αx = −
ιe
γ3
0αω
E1x (14)
v1αy = −ι
[
ω2pS3ke
ω4(1− S1
ω2
)γ0α
E1x +
ekv0αx
ω2γ0α
E1x
]
(15)
n1α = −ι
[
ω2pS3k
2en0α
ω5(1− S1
ω2
)γ0α
E1x +
ek2v0αxn0α
ω3γ0α
E1x
]
(16)
III. ENERGY CONSERVATION THEOREM FOR 2D WEIBEL INSTABILITY
For the infinite counterstreaming beam and background plasma electrons, the Poynting flux would be zero and
hence can be neglected from Eq.(2) which takes the form
∂
∂t
(
E2 +B2
8π
)
+
1
2
[
~J · ~E∗ + ~J∗ · ~E
]
= 0 (17)
We write ~J · ~E given in Eq.(4) upon retaining 2nd order perturbations as,
~J · ~E =
1
2
[(A+A∗) + (B +B∗) + (C + C∗)] (18)
Here A, B and C are given by
A = −
∑
α
en1αv0αxE
∗
1x; (19)
B = −
∑
α
en0αv1αxE
∗
1x; (20)
C = −
∑
α
en0αv1αyE
∗
1y; (21)
5Now A, B, C and their complex conjugate expressions can be expressed entirely in terms of E1x and its conjugate as
A =
ι
4π
[
ω2pk
2
ω5(1−
ω2
p
ω2
S1)
S3
∑
α
n0αv0αx
n0γ0α
+
ω2pk
2
ω3
∑
α
n0αv
2
0αx
n0γ0α
]
|E1x|
2; (22)
A∗ = −
ι
4π
[
ω2pk
2
ω5∗(1−
ω2
p
ω2
∗
S1)
S3
∑
α
n0αv0αx
n0γ0α
+
ω2pk
2
ω3∗
∑
α
n0αv
2
0αx
n0γ0α
]
|E1x|
2; (23)
B =
ι
4π
[
ω2p
ω
∑
α
n0α
n0γ30α
]
|E1x|
2; (24)
B∗ = −
ι
4π
[
ω2p
ω∗
∑
α
n0α
n0γ30α
]
|E1x|
2; (25)
C =
ι
4π
[
ω6pk
2S23
|ω|6ω(1−
ω2
p
ω2
S1)(1 −
ω2
p
ω2
∗
S1)
∑
α
n0α
n0γ0α
+
ω4pk
2S3
|ω|ω∗(1−
ω2
p
ω2
S1)
∑
α
n0αv0αx
n0γ0α
]
|E1x|
2; (26)
C∗ = −
ι
4π
[
ω6pk
2S23
|ω|6ω∗(1−
ω2
p
ω2
∗
S1)(1 −
ω2
p
ω2
S1)
∑
α
n0α
n0γ0α
+
ω4pk
2S3
|ω|ω(1−
ω2
p
ω2
S1)
∑
α
n0αv0αx
n0γ0α
]
|E1x|
2; (27)
Collecting all the terms and using the normalization ω ≡ ω/ωp and k ≡ kc/ωp, the expression for ~J · ~E can be written
as,
~J · ~E =
ι
8π
[
S23k
2
{
1
ω5(1− 1
ω2
S1)
−
1
ω5∗(1 −
1
ω2
∗
S1)
}
+ S4k
2
{
1
ω3
−
1
ω3∗
}]
|E1x|
2
+
ι
8π
[
S2
{
1
ω
−
1
ω∗
}]
|E1x|
2
+
ι
8π
[
S2
3
S1k
2
|ω|6(1− 1
ω2
S1)(1 −
1
ω2
∗
S1)
{
1
ω
−
1
ω∗
}
+
S2
3
k2
|ω|4
{
1
ω∗(1−
1
ω2
∗
S1)
−
1
ω(1− 1
ω2
S1)
}]
|E1x|
2
(28)
where ω∗ is the complex conjugate of ω. Similarily, the expression for time derivative of total field energy Eq.(17) can
be written as,
∂
∂t
(
E2 +B2
8π
)
=
∂
∂t
[
1
8π
(E1x · E
∗
1x + E1y ·E
∗
1y +B1z ·B
∗
1z)
]
=
∂
∂t
[{
1 +
k2S23
|ω|6(1− 1
ω2
S1)(1 −
1
ω2
∗
S1)
+
k2
|ω|2
}]
|E1x|
2
(29)
The combination of the above two equation Eq.(28) and Eq.(29) gives the energy conservation theorem as
∂
∂t
(
E2 +B2
8π
)
+ ~J · ~E =
∂
∂t
[{
1 +
k2S2
3
|ω|6(1− 1
ω2
S1)(1 −
1
ω2
∗
S1)
+
k2
|ω|2
}
|E1x|
2
]
+
ι
8π
[
S2
3
k2
{
1
ω5(1− 1
ω2
S1)
−
1
ω5∗(1−
1
ω2
∗
S1)
}
+ S4k
2
{
1
ω3
−
1
ω3∗
}]
|E1x|
2
+
ι
8π
[
S2
{
1
ω
−
1
ω∗
}]
|E1x|
2
+
ι
8π
[
S23S1k
2
|ω|6(1 − 1
ω2
S1)(1 −
1
ω2
∗
S1)
{
1
ω
−
1
ω∗
}
+
S23k
2
|ω|4
{
1
ω∗(1 −
1
ω2
∗
S1)
−
1
ω(1− 1
ω2
S1)
}]
|E1x|
2 = 0
(30)
It has been shown by Califano et al. [16] that for the geometry considered by us the growth rate is purely imaginary
We choose to analyse the Eq.(30) here for purely growing mode. The terms containing S2 and S4 can be collected
and simplified as
ι
8π
[
S2
{
1
ω
−
1
ω∗
}
+ S4k
2
{
1
ω3
−
1
ω3∗
}]
|E1x|
2 =
2Γ
8π
[
S2
Γ2
−
S4
Γ4
]
|E1x|
2 (31)
6where ω = ιΓ is the growth rate. The S2 term i.e.
∂
∂t
[ 1
8pi
S2|E1x|
2] merely represents the dressing of the electric field
energy E2
1x by the plasma arising from the
~J · ~E contribution. It should be noted that the term containing S4 has
the negative sign and we would see that this term is in fact responsible for driving the system unstable. This is also
consistent with the description provided by Califano et al. [16]. Now the terms containing the S3 in Eq. (30) involve
three terms which we denote by T1, T2 and T3 below
T1 =
ι
8π
[
S23k
2
{
1
ω5(1− 1
ω2
S1)
−
1
ω5∗(1−
1
ω2
∗
S1)
}]
|E1x|
2 =
2Γ
8π
S23k
2
Γ2 + S1
Γ4(Γ4 + 2S1 + S21)
|E1x|
2
(32)
T2 =
ι
8π
[
S2
3
S1k
2
|ω|6(1− 1
ω2
S1)(1−
1
ω2
∗
S1)
{
1
ω
−
1
ω∗
}]
|E1x|
2 =
2Γ
8π
S23S1k
2
Γ2 + S1
Γ4(Γ4 + 2S1 + S21)
|E1x|
2
(33)
T3 =
ι
8π
[
S2
3
k2
|ω|4
{
1
ω∗(1−
1
ω2
∗
S1)
−
1
ω(1− 1
ω2
S1)
}]
|E1x|
2 = −
2Γ
8π
S23k
2
Γ2 + S1
Γ4(Γ4 + 2S1 + S21)
|E1x|
2
(34)
Adding all these terms with contribution from S3 a simplified expression can be obtained as
T1 + T2 + T3 =
2Γ
8π
S1S
2
3k
2
Γ4(Γ4 + 2S1 + S21)
|E1x|
2 =
∂
∂t
[
1
8π
S1|E1y|
2
]
(35)
This again shows that the coefficient of E2
1y gets modified by the plasma response. The complete energy conservation
equation can then be written as,
1
8π
∂
∂t
[(
1 +
S2
Γ2
)
|E1x|
2 +
(
1 + S1
)
S2
3
k2
Γ4(Γ4 + 2S1 + S21)
|E1x|
2 +
k2
Γ2
|E1x|
2 −
S4
Γ2
k2|E1x|
2
]
=
1
8π
∂
∂t
[
χ
]
= 0 (36)
From this expression it is clear that the dynamics should be so as to conserve the content indicated by χ within
the square bracket . While the first three terms of χ are positive definite the fourth and the last term with the
coefficient of S4 is negative. This permits the possibility of growth in |E1x|
2 even while χ is maintained as constant.
It is, therefore, clear that the destabilizing term for this instability arises through S4. On the other hand S3 plays a
stabilizing role.
IV. SUMMARY
We have shown through energy principle arguments that the excitation of electromagnetic instability in a 2-D
counterstreaming beam plasma system is possibile which leads to current separation and magnetic field generation.
The term responsible for the instability has been identified as S4 =
∑
α
n0αv
2
0xα
n0γ0α
. The terms S3 which measures the
asymmetry of the flow between the beam and background plasma plays the role of stabilization for this particular
mode. It is interesting to note that S3 and S4 change their roles for destabilizing the medium when the beam and
background plasma having a finite transverse extent such that the Poynting flux becomes relevant. This has been
shown in a recent submission [27].
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